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Abstract
The class of t-balanced Cayley maps [J. Martino, M. Schultz, Symmetrical Cayley maps with solvable automorphism groups,
abstract in SIGMAC ’98, Flagstaff, AR, 1998] is a natural generalisation of balanced and antibalanced Cayley maps introduced and
studied by Širánˇ and Škoviera [Regular maps from Cayley graphs II: antibalanced Cayley maps, Discrete Math. 124 (1994) 179–191;
Groups with sign structure and their antiautomorphisms, Discrete Math. 108 (1992) 189–202]. The present paper continues this
study by investigating the distribution of inverses, automorphism groups, and exponents of t-balanced Cayley maps. The methods
are based on the use of t-automorphisms of groups with sign structure which extend the notion of an antiautomorphism crucial for
antibalanced Cayley maps. As an application, a new series of nonstandard regular embeddings of complete bipartite graphs Kn,n is
constructed for each n divisible by 8.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
During the last ﬁfteen years symmetrical embeddings of Cayley graphs on orientable surfaces, known as Cayley
maps, have enjoyed a continuous attention. The reason for this interest can be seen in their property of having a vertex-
regular group of automorphisms, which makes them a convenient tool for constructing maps with the highest possible
level of symmetry—regular maps.
The systematic study of Cayley maps was initiated by Biggs [1] in 1972. He showed that each Cayley map whose
rotation system is induced by a certain automorphism of the underlying Cayley group is regular. This result was later
complemented by Škoviera and Širánˇ [14] who characterised regular Cayley maps admitting such a group automor-
phism, calling them balanced Cayley maps. By that time, almost all known regular Cayley maps were balanced Cayley
maps.
Širánˇ and Škoviera [13] also introduced a new class of Cayley maps—antibalanced Cayley maps—and showed that
regular antibalanced Cayley maps correspond, in a similar manner, to certain bijections of the underlying Cayley group
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which resemble automorphisms. In [12] they showed that these “antiautomorphisms” are often effectively computable,
enabling construction of many new nonbalanced regular Cayley maps.
In 1998, Martino and Schultz [8] introduced the class of t-balanced Cayley maps as a natural generalisation of the
two previously studied classes of Cayley maps. It is the consequence of their deﬁnition that t must be a square root
of 1 modulo the valency of the map. In particular, the class of t-balanced maps includes balanced Cayley maps as
1-balanced ones and antibalanced Cayley maps as (−1)-balanced maps.
More recently, this line of research has led to developing a general theory of Cayley maps by Richter et al. [11] and
to discovering the concept of a skew-morphism (Jajcay and Širánˇ [5]) which plays an important role in the study of
regular Cayley maps.
The aim of the present paper is to contribute to the theory of t-balanced Cayley maps with emphasis on their
regularity. In this aim, our paper is closely related to [9] by Martino, Schultz and Škoviera, and to some extent also to
[2] by Conder, Jajcay, and Tucker. While the latter paper uses skew-morphisms as an important tool (and focuses on
abelian groups), our paper builds upon t-automorphisms, bijections of the underlying Cayley group related to regular
t-balanced Cayley maps in a similar manner as antiautomorphisms are related to regular antibalanced Cayley maps.
Although t-automorphisms are a special case of general skew-morphisms, the reason for our use of t-automorphisms is
that much of the theory developed for antiautomorphisms in [12] can be transferred to t-automorphisms. In addition,
a characterisation of all t-automorphisms as extensions of automorphisms can be derived and effectively applied.
In contrast to this, general skew-morphisms seem to be quite difﬁcult to understand.
Our main results can be described as follows.
In Section 5, Theorem 5.1, we give a complete characterisation of the possible distributions of inverses in a
t-balanced Cayley map. The distribution of inverses of a Cayley map CM(G,, p) is an involutory permutation
which describes the relative position of a generator x ∈  and its inverse x−1 in the cyclic permutation p of . We
show that each t-balanced Cayley map has one of two possible distributions of inverses which may be brieﬂy dubbed
as “standard” and “exceptional”. The unexpected consequence of this characterisation is the fact that for balanced
Cayley maps the standard distribution of inverses is the identical permutation, which occurs only when  consists of
involutions.
In the next section we describe the automorphism group of a regular t-balanced Cayley map as an “extension” of the
underlying Cayley group G by the rotary t-automorphism (Theorem 6.1). The latter t-automorphism is nothing but the
permutation of G induced by the map-automorphism which rotates the edges around the identity vertex 1 ∈ G one step
forward consistently with the orientation of the surface. A similar but somewhat more complicated description holds
for general regular Cayley maps and rotary skew-morphisms. In the rest of Section 6 we characterise t-automorphisms
of a group G with sign structure as extensions of automorphisms of its subgroup G+ of positive elements. Our
characterisation uses the language ofZ2-extensions of groups and is similar to the characterisation of antiautomorphisms
(that is, (−1)-automorphisms) given in [12].
Section 7 is devoted to the exponents of t-balanced Cayley maps. Exponents of maps were introduced by Nedela
and Škoviera [10] as a generalisation of the concept of reﬂexibility and a measure of “external” symmetries of maps.
The main result of this section shows the relationship of exponents of a regular t-balanced Cayley map with the
existence of certain automorphisms of the underlying Cayley group, and substantially generalises the known results
about reﬂexibility of balanced and antibalanced Cayley maps [13,14].
The ﬁnal Section 8 presents several inﬁnite classes of regular t-balanced Cayley maps based on Z2-extensions of
cyclic groups. One of them yields a new series of nonstandard regular embeddings of the complete bipartite graphs
Kn,n for each n divisible by 8. (We recall that the standard regular embedding of Kn,n is most easily described as the
antibalanced Cayley map CM(Z2n,, p) where = {1, 3, . . . , 2n − 1} and p = (1, 3, . . . , 2n − 1); see [7].)
2. Deﬁnitions
Let G be a ﬁnite group with identity element 1, and let  be a generating set for G such that −1 =  and 1 /∈;
we call  a Cayley generating set. A Cayley graph C(G,) for G and  is a simple undirected graph with G as its
vertex-set and G ×  as the set of darts. A dart (g, x) has initial vertex g and terminal vertex gx, and its inverse is the
dart (gx, x−1). The edges of C(G,) are formed by pairs of mutually inverse darts.
An automorphism of C(G,) is a permutation of its dart-set which preserves the incidence between darts and
vertices. It is easy to see that the left translation by an element a ∈ G induces an automorphism (g, x) → (ag, x) of
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C(G,). The set of all these translation automorphisms forms a subgroup of the automorphism group Aut(C(G,))
of C(G,) isomorphic to G which acts transitively on the vertices; thus, C(G,) is always vertex-transitive.
Given a cyclic permutation p of the generating set , a Cayley map CM(G,, p) is a cellular embedding of the
graph C(G,) on a closed oriented surface S (that is, a surface endowed with orientation) such that, for each vertex
g ∈ G, the cyclic permutation of darts around g induced by the orientation of S agrees with p. In other words, for each
x ∈  the dart (g, p(x)) immediately follows the dart (g, x) in the direction consistent with the orientation of S.
Recall that any cellular embeddingM of a connected graph K on an oriented surface S—which we simply call a
map—can be described by means of a pair of permutations L and R acting on the dart-set D(K) of K. The permutation
L is an involution which interchanges any dart z with its inverse z−1, while R, for each vertex v, cyclically permutes the
darts emanating from v following the orientation of S. Therefore, we oftenwriteM=(K;R,L). The permutationsR and
L are called the rotation and the dart-reversing involution ofM, respectively. In the special case whereM= (K;R,L)
is a Cayley map CM(G,, p), we have R(g, x) = (g, p(x)) and L(g, x) = (gx, x−1) for each dart (g, x) ∈ G × .
The permutation group 〈R,L〉 plays an important role in the study of maps; it is called the monodromy group of
M and is denoted by Mon(M). By connectivity of the surface, Mon(M) acts transitively on the darts of M. The
permutation RL ∈ Mon(M) has the useful property that its cycles correspond to the boundaries of faces ofM. Thus,
the number of faces ofM equals the number of cycles of RL.
Two mapsM1 = (K1;R1, L1) andM2 = (K2;R2, L2) are said to be isomorphic if there is a bijection  : D(K1) →
D(K2) such that L1 =L2 and R1 =R2. In fact,  is induced by an incidence and orientation, preserving homeomor-
phism between the supporting surface ofM1 and that ofM2. IfM1 =M2 =M, we speak of an automorphism ofM.
Clearly, each map automorphism is also an automorphism of the underlying graph. Since Mon(M) acts transitively on
the darts, it can be easily shown that for any two darts z and z′ ofM there exists at most one automorphism taking z to z′.
Thus the order of Aut(M), the automorphism group ofM, is bounded from above by |D(K)|. If |Aut(M)| = |D(K)|,
then Aut(M) acts regularly on D(K), and the map itself is called regular. Equivalently, a map is regular if and only if
|Mon(M)| = |D(M)|. Similarly, if Aut(M) acts vertex-transitively on K, the mapM is called vertex-transitive.
Observe that the translation automorphisms of CM(G,, p) are in fact map-automorphisms irrespectively of the
given permutation p. Therefore, every Cayley map is vertex-transitive. However, a Cayley map need not be regular in
general.
For additional information on the monodromy group and its relation to the automorphism group of a map, see Nedela
and Škoviera [10] and Richter et al. [11] (where the monodromy group is called the dart group).
3. t-Balanced maps and t-automorphisms
A Cayley mapM= CM(G,, p) is said to be balanced if p(x−1) = (p(x))−1 for every x ∈ , and antibalanced
if p(x−1) = (p−1(x))−1 for every x ∈ . These two types of Cayley maps were introduced by Širánˇ and Škoviera in
[13,14] as a device for constructing regular maps on orientable surfaces.While many well-known regular maps, such as
complete maps [6] or standard complete bipartite maps [7], can be described as either balanced or antibalanced Cayley
maps, there exist regular Cayley maps that fall to neither of these classes.
The following concept, due to Martino and Schultz [8], provides a natural extension of these two classes. Let t be an
integer. A Cayley mapM= CM(G,, p) will be called t-balanced if p(x−1) = (pt (x))−1 for every x ∈ . Observe
that balanced Cayley maps coincide with 1-balanced maps, and antibalanced maps are nothing but (−1)-balanced
maps.
A straightforward inductive argument shows that for every integer k one has pk(x−1)= (pkt (x))−1. By taking k = t ,
we obtain
pt
2
(x) = (pt (x−1))−1 = p(x).
Thus, for every t-balanced Cayley map, we have that
t2 ≡ 1 (mod n),
where n = || is the valency ofM.
Example 3.1. Consider the group G = Z8 × Z2 with generating set = {(x, 1); x ∈ Z8} and the cyclic permutation
p :  →  such that (x, 1) → (5x + 1, 1). The corresponding Cayley mapN = CM(G,, p) gives rise to an
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embedding of the complete bipartite graph K8,8 in the orientable surface of genus 21 with all faces bounded by 16-gons
(that is, hamiltonian cycles). The rotation R and the dart-reversing involution L satisfy the identities
R8 = L2 = (RL)16 = id, R(RL)2 = (RL)10R.
By employing the coset enumeration, one can show that Mon(N) = 〈R,L〉 has no more than 128 elements. On the
other hand, |Mon(N)| |G| · || = 128 by connectivity, soN is a regular map. A routine check shows thatN is a
3-balanced map, which is neither balanced nor antibalanced.
As shown in [13], the study of regular antibalanced Cayley maps is closely related to groups with sign structure and
their antiautomorphisms. For t-balancedCayleymaps, the concept of a t-automorphism, analogous to antiautomorphism,
has been introduced and developed in [9]. We now survey the basic properties of groups with sign structure and their
t-automorphisms.
Consider a group G together with a homomorphism G → {1,−1} which assigns a value |g| ∈ {1,−1}, called the
sign of g, to each element g ∈ G. A group with such a homomorphism will be called a group with sign structure.
Clearly, the elements of G that are mapped by the sign homomorphism onto 1, the positive elements of G, form a
subgroup denoted by G+. The negative elements of G are those in G− = G − G+. Note that the index of G+ in G
does not exceed 2. A sign structure may happen to be trivial which means that G+ = G. However, we shall be mainly
interested in nontrivial sign structures.
An equivalent way of introducing a sign structure on a group G is to specify a Cayley generating set for G, say ,
and let G+ be the set of all elements of G that are expressible as words of even length in terms of generators in .
Since G+ is a subgroup of index at most 2, it gives rise to a sign homomorphism and hence to a sign structure. In fact,
this sign structure turns out to be appropriate for describing regular t-balanced Cayley maps.
We now proceed to t-automorphisms of groups with sign structure. Let G be a ﬁnite group with sign structure, and
let t 	= 0 be an integer. Then, a bijection  : G → G will be said to be a t-automorphism if  is sign-preserving, i.e.,
|(g)| = |g| for each g ∈ G, and for any g and h in G one has
(gh) = (g)(h) if g ∈ G+
and
(gh) = (g)t (h) if g ∈ G−.
We deﬁne the power function  : G → {1, t} associated with  by setting
(g) =
{
1 for g ∈ G+,
t for g ∈ G−.
With this deﬁnition the previous condition transforms into
(gh) = (g)(g)(h). (1)
The next result summarises the basic properties of t-automorphisms.
Proposition 3.2. Let  be a t-automorphism of a group G with sign structure. Then, the following statements hold:
(i) |G+ is an automorphism of G+.
(ii) For any integer k, k is a t-automorphism of G.
(iii) For any g ∈ G, (x−1) = ((x)(x))−1.
(iv) If G+ 	= G, then t2 ≡ 1 (mod n) where n is the order of .
Proof. (i) Since  is a sign-preserving bijection of G, the restriction |G+ is indeed a permutation of G+. Moreover,
(gh) = (g)(h) for any g and h in G+ which establishes the claim.
(ii) Clearly, 0 = id is a t-automorphism. It is also obvious that for any integer k the mapping k is bijective and
sign-preserving. Thus, it sufﬁces to verify that k acts on the product of two elements of G in the required way. Since
(−1(x)−(x)(y)) = (−1(x))(x)(−(x)(y)) = xy = (−1(xy)),
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we see that −1 is an t-automorphism. Let k be a positive integer and assume that k is a t-automorphism. Then,
k+1(xy) = (k(xy)) = (k(x)k(x)(y)) = k+1(x)(x)+k(x)(y),
so k+1 is a t-automorphism. Moreover, −k−1 = (k+1)−1, which establishes the result for all integers.
(iii) The claim follows from the following computation:
1 = (1) = (x−1x) = (x−1)(x−1)(x) = (x−1)(x)(x).
(iv) If x ∈ G−, then
(x) = ((x−1)−1) = (t (x−1))−1 = ((t )t (x)−1)−1 = t2(x).
If x ∈ G+, then there exist u and v in G− such that x = uv, and
t
2−1(x) = t2−1(uv) = t2−1(u)(t2−1)t (v) = uv = x.
Thus t2−1 = id, and the result follows. 
Remarks. (1) If a group G is endowed with the trivial sign structure (that is, if G = G+), then every t-automorphism
of G is in fact a group automorphism and, conversely, any group automorphism of G is a t-automorphism for every
integer t.
(2) If the sign structure on G is nontrivial, then we can express each positive element as a product of two negative
elements and use this fact to show that the order of a t-automorphism coincides with the order of its restriction onto
the set of negative elements.
(3) Part (iv) of Proposition 3.2 allows us to view  : G → {1, t}Z∗n as a group homomorphism, i.e., (xy) ≡
(x)(y)(mod n).
The next two theorems explain the importance of groups with sign structure and their t-automorphisms to regular
t-balanced Cayley maps. Their proofs (which are rather technical) are easily obtained from those of their antibalanced
counterparts, Proposition 4.1 and Theorem 4.3 in [13]. Speciﬁcally, it is sufﬁcient to simply substitute t for −1 in the
powers of p or , and replace the sign homomorphism |.| by the power function .
Theorem 3.3. LetM= CM(G,, p) be a regular t-balanced Cayley map. Then, either  induces a nontrivial sign
structure on G orM is balanced.
Theorem 3.4. LetM = CM(G,, p) be a Cayley map such that  induces a nontrivial sign structure on G. Then,
M is regular and t-balanced if and only if there exists a t-automorphism  of G whose restriction to  is equal to p.
The t-automorphism  from Theorem 3.4 will be called the rotary t-automorphism associated withM.
Example 3.5. We revisit the regular 3-balanced Cayley mapN of valency 8 from Example 3.1 with G = Z8×Z2,
 = Z8 × {1} and p(x, 1) = (5x + 1, 1). The generating set  induces a nontrivial sign structure on G where G+ =
{(g, 0); g ∈ Z8}Z8 and G− = . We describe the 3-automorphism  satisfying | = p. For an element (x, 1) ∈
G−, we have (x, 1) = (5x + 1, 1) (and 3(x, 1) = (5x − 1, 1)). For an element (x, 0) ∈ G+, it must hold that
(x, 0) = (x, 1) + 3(0, 1) = (5x + 1, 1) + (−1, 1) = (5x, 0) (and that 3(x, 0) = (5x, 0)). Thus, we can see that
the formula (x, i) = (5x + i, i) deﬁnes a sign-preserving bijection G → G whose restriction to  coincides with p.
It can be easily veriﬁed that  satisﬁes (1), and hence  is the required 3-automorphism.
The concept of a t-automorphism is a special case of a more general notion of a skew-morphism introduced by Jajcay
and Širánˇ in [5].A skew-morphism  of a group G with identity element 1 is a bijection G → G such that (1)=1 and
for any two elements g and h of G one has (gh)=(g)(g)(h) for a some function  : G → {1, 2, . . .}. The function
 is the power function associated with . Jajcay and Širánˇ [5] prove that a Cayley map CM(G,, p) is regular if and
only if there exists a skew-morphism  of G such that | = p. This skew-morphism is the rotary skew-morphism
associated with a regular Cayley map.
For a more detailed information, we refer the reader to [5]. We only remark that our t-automorphisms are exactly
those skew-morphisms  which preserve power function  (i.e., (g) = (g)), and this  is a two-valued function.
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4. Arithmetical background
In the previous section we have seen that the study of t-balanced maps is closely related to the solutions of the
congruence
x2 ≡ 1 (mod n). (2)
This section will be primarily devoted to determining the solutions of this congruence, as well as to some other related
results needed later.
For the rest of this section we will assume, without loss of generality, that n2.
We start with several simple observations. If t is a solution of (2), then gcd(t, n)=1 and the numbers t + ln, l ∈ Z are
solutions of this congruence, too. If n=p11 p22 . . . pmm is the prime factorisation of n and t is a solution of (2), then the
ordered m-tuple of integers (t (modp11 ), . . . , t (modp
m
m )) satisﬁes (t (modpii ))
2 ≡ 1 (modpii ). On the other hand,
having an ordered m-tuple (t1, . . . , tm) with each entry satisfying t2i ≡ 1 (modpi ), the Chinese Remainder Theorem
enables us to construct exactly one solution t of (2) such that t ≡ ti (modpii ) and t ∈ {0, 1, . . . , n − 1}. It is therefore
sufﬁcient to ﬁnd the solutions of the congruence
x2 ≡ 1 (modpk), (3)
where p is prime and k1 is an integer. We describe these solutions in the next proposition. Although the result is well
known and elementary, it will be convenient to include its proof.
Proposition 4.1. Let t be a solution of (3). Then the following hold.
• If pk = 2, then t ≡ 1 (mod 2) (that is, there is one solution modulo pk).
• If pk = 4, then t ≡ ±1 (mod 4) (that is, there are two solutions modulo pk).
• If p = 2 with k3, then t ≡ ±1 (mod 2k) or t ≡ 2k−1 ± 1 (mod 2k) (that is, there are four solutions modulo pk).
• If p is odd, then t ≡ ±1 (modpk) (that is, there are two solutions modulo pk).
Proof. It is obvious that all the above are solutions of (3). We show that the congruence (3) has no other solutions. This
is clearly true for pk = 2 and 4, since the given solutions constitute the set of all odd integers modulo pk . For other
prime powers, t is a solution of (3) if and only if pk|(t − 1)(t + 1). Since p is a prime, it follows that either p|t − 1 or
p|t + 1.
If p divides both these numbers, then it divides their difference, that is, 2. So p = 2 and there is an integer l such
that t − 1 = 2(l − 1) and t + 1 = 2l. Now 2k divides 4l(l − 1) which in turn implies that 2k−2 divides either l or l − 1.
Consequently, t ≡ −1 (mod 2k−1) or t ≡ 1 (mod 2k−1), respectively.
Let p be odd. Then again p|t − 1 or p|t + 1, but not both. If p divides t − 1, then t ≡ 1 (modpk), and if p divides
t + 1, then t ≡ −1 (modpk). This completes the proof. 
On the basis of the previous theorem we can classify the pairs (t, n) satisfying t2 ≡ 1 (mod n) into the following
three types (where 2k‖n means that 2k|n but 2k+1n):
• Type 1: n is odd.
• Type 2: n is even, 2k‖n, and t ≡ ±1 (mod 2k).
• Type 3: n is even, 2k‖n, k3, and t ≡ 2k−1 ± 1 (mod 2k).
The main difference between Type 2 and Type 3 is in the form of the square root of 1. For Type 2, the square roots
are ±1 (mod 2k), whereas for Type 3 they are 2k−1 ± 1 (mod 2k). The practical effect of this difference is the fact that
for (t, n) of Type 2 we have 2n|t2 − 1 while for (t, n) of Type 3 we get 2nt2 − 1. In other words, for Type 2 we have
gcd(t − 1, n) gcd(t + 1, n) = 2n, while for Type 1 and Type 3 we have gcd(t − 1, n) gcd(t + 1, n) = n.
We deduce some number-theoretical properties of pairs (t, n) that will be used later. First, we deal with the congru-
ences
(t − 1)x ≡ 0 (mod n), (4)
(t + 1)y ≡ 0 (mod n) (5)
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in unknowns x and y, respectively. We slightly change our approach in that we will now seek their solutions in the
additive group Zn = {1, 2, . . . , n}, that is, we will use n rather than 0. Note that the set of all solutions of an equation
cx ≡ 0 (mod n) in Zn forms a subgroup of Zn which is completely determined by one of its generators. With the help
of some elementary facts Proposition 4.1 now implies the following:
Lemma 4.2. The set of solutions of congruence (4) is a subgroup of Zn of order gcd(t − 1, n) with generator
(i) t + 1, if (t, n) is of Type 1 or Type 3,
(ii) gcd(t + 1, n)/2, if (t, n) is of Type 2.
Lemma 4.3. The set of solutions of congruence (5) is a subgroup of Zn of order gcd(t + 1, n) with generator
(i) t − 1, if (t, n) is of Type 1 or Type 3,
(ii) gcd(t − 1, n)/2, if (t, n) is of Type 2.
Remark. Replacing 0 by n, when n is even, guarantees that for t = 1 the greatest common divisor gcd(t − 1, n)/2
equals n/2 rather than 0. Similarly, for t = −1, the greatest common divisor gcd(t + 1, n)/2 equals n/2.
We conclude the section with the following result.
Theorem 4.4. Let t and n2 be integers such that t2 ≡ 1 (mod n). Further let e be an integer coprime with n, and let
b be a solution of (5). Then the congruence
(e − 1)b ≡ (t − 1)x (mod n) (6)
has exactly gcd(t − 1, n) solutions in Zn.
Proof. If z is a particular solution of (6), then z′ is a solution of (6) if and only if z′ − z is a solution of (4). Thus it is
sufﬁcient to show, by Lemma 4.2, that (6) has at least one solution.
If (t, n) is of Type 1 or Type 3, then b is a multiple of t − 1 (say b = u(t − 1)(mod n)), and the solution is (e − 1)u.
If (t, n) is of Type 2, then b is a multiple of gcd(t−1, n)/2 (say b=u gcd(t−1, n)/2 (mod n)=u[((t−1)+n)/2]),
e is odd (e − 1 = 2v), and the solution is vu. 
5. Distributions of inverses
LetM = CM(G,, p) be a Cayley map of a group G with generating set  = {x1, x2, . . . , xn} ordered in such a
way that p(xi) = p(xi+1), where the indices are reduced modulo n and index n is used instead of 0. This convention
will be adopted throughout the whole section. The distribution of inverses ofM is an involutory permutation  ∈ Sn
deﬁned by
x−1i = x(i).
It is obvious that the distribution of inverses of a Cayley map is determined uniquely up to a cyclic shift of . If we
change  by starting the new ordering with xj+1 instead of x1, then the resulting distribution of inverses will be 	−j 	j ,
where 	 denotes the cyclic permutation (1, 2, . . . , n).
LetM = CM(G,, p) be a t-balanced Cayley map with  and p as above. Then for the distribution of inverses 
ofM, we have
	= 	t . (7)
Conversely, each Cayley map with distribution of inverses  which fulﬁls (7) is t-balanced. For example, the per-
mutation t : i → t i(mod n) satisﬁes (7), and so it represents the distribution of inverses of an n-valent t-balanced
Cayley map.
In the following theorem we give a complete characterisation of distributions of inverses of t-balanced Cayley
maps.
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Theorem 5.1. Let M = CM(G,, p) be a t-balanced Cayley map. Then there exists an ordering x1, x2, . . . , xn
of the generating set  such that p(xi) = xi+1 and such that the distribution of inverses  has one of the following
forms:
(i) = t , or
(ii) the pair (t, n) is of Type 2 and = 	dt , where d = gcd(t − 1, n)/2.
In Case (i),  contains gcd(t − 1, n) involutions, whereas in Case (ii),  is involution-free.
Remark. There are two possible distributions of inverses in a balanced Cayley map—one corresponding to the gen-
erating set having no involutory generator, and the other where all the generators are involutory. If we look at these
distributions from the point of view suggested by this theorem, the “typical” distribution would be—surprisingly—the
one with all generators involutory.
Proof. Let  be a permutation of {1, 2, . . . , n}. Then  satisﬁes (7) if and only if the permutation
=()−1t commutes
with 	. However, an arbitrary permutation  commutes with 	 precisely when  is a power of 	; indeed, if  commutes
with 	, then (i + 1) = (i) + 1, so (i) = (n) + i, whence  = 	(n). Thus,  satisﬁes (7) precisely when  = 	kt
for some integer k. Observe that the permutation 	kt is an involution if and only if (t + 1)k ≡ 0 (mod n), that is, if k
is a solution of (5).
If instead of x1 we begin the new numbering at xj+1 and use (7), the resulting distribution of inverses will be
	−j 	j = 	j (t−1)= 	j (t−1)+kt .
If the pair (t, n) is of Type 1 or Type 3, then, by Lemma 4.3, k is a multiple of t − 1 and there exists an integer j such
that the resulting distribution of inverses will be 	j (t−1)+kt = t . If the pair (t, n) is of Type 2, then the multiples of
t −1 form a subgroup of solutions of the congruence (5) of index 2. The two cosets of this subgroup can be represented
by 0 and d = gcd(t − 1, n)/2. Thus, there exists an integer j such that the resulting distribution of inverses 	j (t−1)+kt
will be t or 	dt .
Let us count the number of involutions in . If the distribution of inverses is t , then the generator xi ∈  is an
involution if and only if (t − 1)i ≡ 0 (mod n), that is, if i is a solution of (4). The result now follows from Lemma 4.2.
If the distribution of inverses is 	dt , then the generator xi is an involution if and only if −(t − 1)i ≡ d (mod n). Since
in this case the pair (t, n) is of Type 2, such an integer i does not exist. 
Example 5.2. Our mapN from Example 3.1 with G=Z8×Z2,=Z8×{1} and p(x, 1)=(5x+1, 1) is a 3-balanced
map of valency 8. Since the pair (3, 8) is not of Type 2, the generating set  can be ordered in such a way that the
resulting distribution of inverses is in fact 3: x1 = (1, 1), x2 = (6, 1), x3 = (7, 1), x4 = (4, 1), x5 = (5, 1), x6 = (2, 1),
x7 = (3, 1), x8 = (0, 1).
The previous result about the distribution of inverses enables us to look at the possible face sizes in t-balanced maps.
Theorem 5.3. LetM= CM(G,, p) be a t-balanced Cayley map of valency || = n and let m = n/ gcd(t + 1, n).
Then the size of each face ofM is a multiple of the number
(i) m, if t = 1 and n is odd,
(ii) m, if t = 1, n ≡ 2 (mod 4) and  contains no involutions,
(iii) 2m, otherwise.
Proof. Using induction one can prove that
(RL)2k(a, x) =
(
a
k−1∏
i=0
pi(t+1)(x)pi(t+1)+1(x−1), pk(t+1)(x)
)
,
and
(RL)2k+1(a, x) =
(
a
[
k−1∏
i=0
pi(t+1)(x)pi(t+1)+1(x−1)
]
pk(t+1)(x), pk(t+1)+1(x−1)
)
.
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Deﬁne the permutation  :  →  by setting (x) = p(x−1). Then the restriction of the previous two formulas for
(RL)k to the second coordinate yields that
2k(x) = pk(t+1)(x) and 2k+1(x) = pk(t+1)+1(x−1), (8)
and that the size of each face is a multiple of the order of . (For the reader familiar with the theory of covering spaces
and quotient maps, we note that the cycles of  correspond to the face boundaries of the one-vertex quotient ofM,
so the size of each face of the latter map equals the order of . Since the faces ofM cover those of the one-vertex
quotient, their size must be a multiple of the order of .)
Formula (8) implies that the order of 2 is m=n/ gcd(t +1, n), so the order of  is at most the double. It is therefore
sufﬁcient to determine the conditions under which m is the identity.
If m is even, say m= 2l, then m = (2)l is not the identity. Thus, we can assume that m is odd, say m= 2l + 1. We
distinguish two cases depending on the form of the distribution of inverses ofM as given in Theorem 5.1.
IfM has distribution of inverses t , then
m(xk) = pl(t+1)+1(pkt (xn)) = pl(t+1)+1+k(t−1)(xk).
For m to be the identity it is necessary that s = 1 and n is odd. In this case n = m = 2l + 1, and the order of  is n.
Assume that the distribution of inverses ofM is 	dt . Then, (t, n) is of Type 2 and d = gcd(t − 1, n)/2. It follows
that
m(xk) = pl(t+1)+1(pkt+d(xn)) = pl(t+1)+1+k(t−1)+d(xk).
For m to be identity, it is now necessary that t = 1 and that n ≡ 2 (mod 4). So n = 2m = 4l + 2, d = n/2 = m, and
the order of  is n/2. 
It is interesting to compare Theorem 5.3 with the analogous result about face-sizes of balanced maps (Proposition 1
of [14]). The comparison reveals that only the balanced maps show the exceptional behaviour of face sizes.
6. Map automorphisms and t-automorphisms
Let G be a group with sign structure and let  be a t-automorphism of G. The extension G〈〉t of G by  is a group
whose elements are the pairs g where g ∈ G,  is a power of , and the multiplication is deﬁned by
g · h= g(h)(h).
Formally, the formula for multiplication resembles the one for the split extension by an automorphism. Nevertheless,
the group G〈〉t is not a group extension in its proper sense because, in general, G need not be a normal subgroup of
G〈〉t . As we shall see, however, G+ is a normal subgroup of G〈〉t .
Our next aim is to determine the automorphism group of a regular t-balanced Cayley map in a way similar to the
description given in [13]. Before we proceed to the proof we give the formula for computing inverses in G〈〉t :
(g)−1 = −1(g−1)−(−1(g−1)) = −1(g−1)−(g).
Theorem 6.1. Let M = CM(G,, p) be a regular t-balanced Cayley map with rotary t-automorphism . Then
Aut(M)G〈〉t , and G+G〈〉t .
Proof. By combining results of [3,5] one can show that the automorphism group ofM consists of the automorphisms
Ab,k : (a, x) → (bk(a),(a)k(x)). By composing two such automorphisms Ab,k and Ac,l we obtain
Ac,lAb,k(a, x) = Ac,l(bk(a),(a)k(x))
= (cl (bk(a)),(bk(a))l((a)k(x)))
= (cl (b)l(b)+k(a),(a)(l(b)+k)(x))
= Ad,m(a, x),
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where d = cl (b) and m = l(b) + k. It follows that the mapping
Aut(M) → G〈〉t , Ab,k → (b,k)
is an isomorphism of AutM and G〈〉t .
To prove the second part of the result, let h ∈ G+, g ∈ G, and  ∈ 〈〉. Then
(g)(h id)(g)−1 = (g(h))(−1(g−1)−(−1(g−1)))
= g(h)g−1(−1(g−1))−(−1(g−1)) = g(h)g−1id.
Since = k preserves G+ and G+G, we have that g(h)g−1 ∈ G+. Therefore G+G〈〉t . 
Remark. LetM= CM(G,, p) be an arbitrary regular n-valent Cayley map with rotary skew-morphism ; that is,
| = p. Let  be the associated power function of . Deﬁne G〈〉 to be the set of all ordered pairs gk where g ∈ G
and k ∈ {0, 1, . . . , n − 1} with multiplication given by
gk · hl = gk(h)k(h)+l ,
where k(h) =∑k−1i=0(i (h)). We can show that Aut(M)G〈〉. In fact, G〈〉 coincides with the rotary product
G  〈〉 as described in [4,5].
In order to ﬁnd interesting examples of regular t-balanced Cayley maps, it is natural to employ Theorem 3.4 and to
construct suitable t-automorphisms of groups. By analogy with the antibalanced case we ﬁrst attempt to characterise
t-automorphisms of groups with sign structure in a style similar to [12]. In this case, however, the transition from
(−1)-automorphisms to general t-automorphisms is not just a substitution of t for −1 in the corresponding proofs. The
reason is that the equation t + 1 = 0, valid for t = −1 and heavily used in the antibalanced case, does not hold in
general.
Each group G with a nontrivial sign structure can be viewed as an extension of its subgroup G+ by Z2. As shown
in [12], one can describe a group with sign structure G starting from its positive subgroup G+ by using a pair (, s)
where  ∈ Aut(G+) and s ∈ G+ such that
(s) = s
and
2 = s ,
where y is the inner automorphism sending an element g to ygy−1. The group G is then isomorphic to the group
G+(, s) whose elements are the pairs gi with g ∈ G+ and i ∈ Z2, and the multiplication rule is
gi · hj = gi (h)sij (i + j).
(To seewhere this equation, as well as  and s, come from, choose any element r not inG+ and let  be the conjugation
by r and let s = r2. Then, for example, when i = j = 1, the above equation simply says for elements g and h in G+
that gr · hr = g(h)r2 = g(h)s.)
There is a natural monomorphism G+ → G+(, s) which identiﬁes an element g ∈ G+ with g0 and its image
is a normal subgroup of index 2 in G+(, s). In order to avoid possible confusion with 1 ∈ Z2 arising from this
monomorphism, in the rest of the present section we will be denoting the identity element of G+ by e.
Before proceeding further we note that in G+(, s) the inverse of an element gi is found by the formula
(gi)−1 = −i (g−1)s−i i.
Let us consider an arbitrary Z2-extension G = G+(, s) of a group G+, and let  be a t-automorphism of G. Let
= |G+ be the restriction of  to G+; obviously,  ∈ Aut(G+). Set w = (e1)(e1)−1 ∈ G+ (where e is the identity
element of G+). If, for any element gi ∈ G, we express gi as g0 · ei and apply  to this product we derive that
(gi) = (g)wii. (9)
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for each gi ∈ G. Thus, every t-automorphism  of G is determined by its restriction  to G+, by an element w ∈ G+
and by formula (9).
In the following theorem we characterise those pairs (, w) with  ∈ Aut G+ and w ∈ G+ which give rise to a
t-automorphism of G whose restriction to G+ is . Given such a pair (, w) we deﬁne
w = −t (t−1(w)t−2(w) . . . (w)w).
With the help of w we can express the action of t on G+(, s) as follows:
t (gi) = t (gwi)i = t (g)t (w)ii. (10)
Theorem 6.2. Let G = G+(, s) be Z2-extension of a group G+. Let  ∈ Aut(G+) and w ∈ G+ be given, and set
w = −t (t−1(w)t−2(w) . . . (w)w). Then the mapping  : gi → (g)wii is a t-automorphism of G if and only if it
satisﬁes:
(w−1s) = ws, (11)
= wt = ws−1t . (12)
Moreover, such a t-automorphism is unique.
Proof. The uniqueness of a t-automorphism  with |G+ =  and (e1)(e1)−1 =w is a direct consequence of the fact
that such a t-automorphism necessarily satisﬁes Eq. (9). Thus, it remains to establish the necessity and sufﬁciency of
conditions (11) and (12).
Since  is an automorphism of G+, every mapping deﬁned by (9) is a sign preserving bijection on G. It is easy to
see that a sign preserving bijection on G is a t-automorphism if and only if it satisﬁes
(g0hi) = (g0)(hi), (13)
(g1h0) = (g1)t (h0), (14)
(g1h1) = (g1)t (h1) (15)
for each g and h in G+. Thus, to prove our theorem we have to verify these three conditions.
We ﬁrst observe that every mapping  deﬁned by Eq. (9) satisﬁes condition (13). Indeed,
(g0hi) = (ghi) = (gh)wii = (g)(h)wii = (g)0 (h)wii = (g0)(hi).
Next we prove that (12) and (14) are equivalent. Since
(g1h0) = (g(h)1) = (g(h))w1 = (g)(h)w1
and
(g1)t (h0) = (g)w0t (h)0 = (g)w(h)1,
Eq. (14) transforms into
(g)(h)w1 = (g)w(h)1.
The latter holds precisely when (h)w = w(h), which in turn is true if and only if  = wt . Since the latter
coincides with (12), the equivalence of (12) and (14) has been established.
Finally we show that if (12) holds, then (11) and (15) are equivalent. We have
(g1h1) = (g(hs)0) = (g)(hs)0 = (g)(hw)(w−1s)0
and
(g1)t (h1) = (g)w1t (hw)1 = (g)wt (h(w))s0 = (g)wt (hw)ws0,
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so (15) transforms into
(g)(hw)(w−1s)0 = (g)wt (hw)ws0.
Passing to the ﬁrst coordinates and employing (12) we obtain that (w−1s)=ws which is the required condition (11).
This completes the proof. 
7. Exponents
In [13,14], Širánˇ and Škoviera provided conditions under which a regular balanced or antibalanced Cayley map is
reﬂexible, that is to say, isomorphic to its mirror image. More precisely, a mapM= (K;R,L) is said to be reﬂexible if
it is isomorphic to the mapM−1 = (K;R−1, L). The aim of this section is to establish results about regular t-balanced
Cayley maps which would generalise those concerning the reﬂexibility of balanced and antibalanced Cayley maps
proved in [13,14].
LetM = (K;R,L) be a map with all vertices having valency n. An integer e is said to be an exponent ofM if
the map (K;Re,L) is isomorphic to (K;R,L); it readily follows that e must be coprime to n. Note that the maps
(K;R,L) and (K;Re,L) are isomorphic if and only if there exists an automorphism  of K such that R =Re. We
shall call  an exomorphism ofM associated with the exponent e. Observe that a map is reﬂexible precisely when −1
is one of its exponents.
If an integer e is an exponent of an n-valent mapM= (K;R,L) and f ≡ e (mod n), then the maps (K;Re,L) and
(K;Rf ,L) are identical, and hence f is an exponent ofM. In our notation we will make no distinction between an
exponent ofM and its residue class (mod n). Let e and f be exponents of a mapM, and let  and  be exomorphisms
associated with e and f, respectively. Then  is an exomorphism associated with ef; in particular, ef is an exponent of
M. It follows that the residue classes modulo n of exponents ofM form a multiplicative group which we denote by
Ex(M) and call the exponent group ofM. This group is a measure of “external” symmetries ofM. Clearly, Ex(M)
is a subgroup of Z∗n of all invertible elements of the ring Zn. Similarly, exomorphisms ofM form a group called the
exomorphism group ofM and denoted by Exo(M). It is easy to see that Exo(M)/Aut(M)Ex(M).
The purpose of this section is to determine conditions under which an integer e is an exponent of an n-valent regular
t-balanced Cayley map.
Consider an automorphism  ∈ Aut(G,). Throughout this section let ′ = |, and deﬁne the mapping  :
D(M) → D(M) by setting
(a, x) = ((a), ′(x)).
Clearly,  is a permutation of the dart-set of the Cayley graph C(G,). In fact, = (, ′).
Proposition 7.1. Let M = CM(G,, p) be a regular t-balanced Cayley map with rotary t-automorphism . Let
 ∈ Aut(G,). Then the following statements are equivalent.
(i)  is an exomorphism ofM associated with an exponent e,
(ii) ′p = pe′,
(iii) = e.
Proof. (i) ⇒ (ii) If  is an exomorphism ofM, then R = Re which implies that
(1, pe′(x)) = Re(1, ′(x)) = Re(1, x) = R(1, x) = (1, p(x)) = (1, ′p(x)).
Comparing the second coordinates yields the required equality ′p = pe′.
(ii) ⇒ (iii) Assume that ′p = pe′. Then (x) = e(x) holds for each x ∈  because p = |. Furthermore,
taking any generator x and assuming that (a) = e(a) holds for some element a ∈ G we see that
(xa) = ((x)t (a)) = p(x)t (a) = pe(x)et(a) = e((x)(a))
=e(xa).
So the equality (a) = e(a) follows for each a ∈ G by induction on the length of a expressed as a word over .
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(iii) ⇒ (ii) This implication is trivial.
(ii) ⇒ (i)Assume that ′p=pe′. The conclusion that  is an exomorphism associated with the exponent e follows
from the following computations:
L(a, x) = (ax, x−1) = ((ax), ′(x−1)) = ((a)′(x), ′(x)−1) = L((a), ′(x)) = L(a, x),
R(a, x) = (a, p(x)) = ((a), ′p(x)) = ((a), pe′(x)) = Re((a), ′(x)) = Re(a, x). 
Remark. Note that the equivalence (i) ⇔ (ii) does not depend on the regularity of M, and hence is true for all
t-balanced Cayley maps.
Lemma 7.2. Let M = CM(G,, p) be a t-balanced Cayley map of valency n. Let  ∈ Aut(G,) be such that
′p=pe′, and let e be an integer coprime to n. Assume that a generator x ∈  satisﬁes x−1 =pb(x) and (x)=pz(x)
for suitable integers b and z. Then
(i) (t + 1)b ≡ 0 (mod n), that is, b is a solution of (5),
(ii) (e − 1)b ≡ (t − 1)z (mod n), that is, z is a solution of (6).
Proof. To prove (i), observe that x = pb(x)−1 = ptb(x−1) = p(t+1)b(x) whence (t + 1)b ≡ 0 (mod n).
Now we prove (ii). We have peb+z(x) = peb(x) = pb(x) = (x−1) = (x)−1 = pz(x)−1 = ptz+b(x). It follows
that eb + z ≡ tz + b(mod n), and hence (e − 1)b ≡ (t − 1)z (mod n), as required. 
Proposition 7.3. Let M = CM(G,, p) be a t-balanced Cayley map of valency n and let  ∈ Exo(M) be an
exomorphism ofM associated with an exponent e. Further assume that some generator x ∈  satisﬁes (1, x) =
(1, pz(x)) and x−1 = pb(x). Deﬁne the mapping  : G → G by setting (a) = q((a, x)) where q(a, y) = a for
any dart (a, y) ofM. Then  ∈ Aut(G,) if and only if (e − 1)b ≡ (t − 1)z (mod n).
Proof. We ﬁrst show that  is a bijection G → G which leaves the set  invariant. Since  is an exomorphism ofM,
 is a bijection. Moreover, (a) = q((a, y)) for any y ∈ . So
(pk(x)) = q(pk(x), pk(x)−1) = qL(1, pk(x)) = qL(1, pk(x))
= qL(1, pek+z(x)) = q(pek+z(x), pek+z(x)−1) = pek+z(x).
To establish the necessity it sufﬁces to show, by Lemma 7.2, that ()′p = pe()′. The latter is veriﬁed by the
following computation:
p(pk(x)) = pe(1+k)+z(x) = pe(pk(x)).
Sufﬁciency. By induction on the length of an expression for an element a ∈ G as a word over  we show
that (a, pl(x)) = ((a), pz+le(x)) = ((a),(pl(x))) and (apk(x)) = (a)(pk(x)). Note that pk(x)−1 =
ptk(x−1) = ptk+b(x). The following computation veriﬁes the induction step:
(apk(x), pl(x)) = Rl−tk−b(apk(x), ptk+b(x)) = Re(l−tk−b)L(a, pk(x))
= Re(l−tk−b)L((a), pz+ek(x)) = Re(l−tk−b)((a)pz+ek(x), ptz+tek+b(x))
∗= ((a)pz+ek(x), pz+el(x)) = ((a)(pk(x)),(pl(x))).
We check (∗) as follows. Since (e − 1)b ≡ (t − 1)z (mod n), we have
el − etk − eb + tz + tek + b ≡ el − eb + tz + b ≡ z + el (mod n).
Thus,  is an automorphism of G for which (pk(x)) = pz+ek(x). 
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Remark. Note that the operators  →  and  →  are mutually inverse, that is, for each  and  which satisfy the
conditions of Propositions 7.1 and 7.3, respectively, one has () =  and  = .
Theorem 7.4. LetM= CM(G,, p) be a regular t-balanced Cayley map of valency n. An integer e coprime to n is
an exponent ofM if and only if there exists a group automorphism  ∈ Aut(G,) such that ′p = pe′. Moreover,
|Ex(M)| gcd(t − 1, n) divides |Aut(G,)|.
Proof. (⇐) This part follows directly from Proposition 7.1.
(⇒) Let e be an exponent ofM. Pick up a generator x ∈ , and let x−1 = pb(x). Let z be a solution of (6). Since
M is regular, there is an exomorphism  associated with e such that (1, x)= (1, pz(x)). By Proposition 7.3 it is now
sufﬁcient to take = .
The collection of automorphisms  of the group G induced by (suitable) exomorphisms  ofM is a subgroup of
Aut(G,) of order |Ex(M)| gcd(t − 1, n). 
Remark. Note that the “if” part of the statement holds even when the regularity of a t-balanced Cayley map is not
required.
Several interesting results can be obtained by substituting special values for e and z in Theorem 7.3. The ﬁrst of the
following three corollaries follows by setting e = 1 and z = t + 1, while the second by setting e = t and z = b. The
third corollary follows from the second one.
Corollary 7.5. Let M = CM(G,, p) be a regular t-balanced Cayley map. Then there exists an automorphism
 ∈ Aut(G,) such that ′ = pt+1.
Corollary 7.6. LetM=CM(G,, p) be a regular t-balanced Cayley map. Then t is an exponent ofM if and only if
there exists an automorphism  ∈ Aut(G,) such that (x) = x−1 for each x ∈ .
Corollary 7.7. LetM= CM(G,, p) be a t-balanced Cayley map where G is abelian. Then t is an exponent ofM.
The language of Z2 extensions enables us to strengthen the latter result as follows.
Theorem 7.8. Let G be a group with sign structure such that G+ is abelian. LetM= CM(G,, p) be a t-balanced
Cayley map with  ⊆ G−. Then t is an exponent ofM.
Proof. By Corollary 7.6 it is sufﬁcient to ﬁnd an automorphism  ∈ Aut(G,) such that (x) = x−1 for each x ∈ .
Since the sign structure on G is nontrivial, we can assume that G = G+(, s) is a Z2-extension of G+. Then the
formula
(gi) = (g−1)s−i i
deﬁnes the required automorphism. This can be veriﬁed in a similar manner as in the proof Theorem 5.3 of [13]. Details
are left to the reader. 
Example 7.9. We continue with the analysis of the mapN from Example 3.1 by determining its exponent group.
Recall thatN= CM(G,, p) where G = Z8 × Z2, = Z8 × {1}, and p(x, 1) = (5x + 1, 1).
Every automorphism  of Z8 × Z2 maps (1, 0) onto an element of order 8, and (0, 1) onto an element of order 2
different from (4, 0). Moreover, if  stabilises  setwise, the second coordinate of (1, 0) must be 0. Thus Aut(G,)
consists of the following eight automorphisms:
a,b(x, i) = (ax + bi, i), a ∈ {1, 3, 5, 7}, b ∈ {0, 4}.
By direct veriﬁcation we derive that for each e ∈ Z∗8 there are exactly two automorphisms  ∈ Aut(G,) satisfying
′p = pe′. Hence, Ex(N) = {1, 3, 5, 7} = Z∗8Z2 × Z2.
ˇL. Líšková et al. / Discrete Mathematics 307 (2007) 517–533 531
The relationship between exponents and automorphisms is given in the following table.
Exponent Automorphisms
1 1,0 1,4
3 7,0 7,4
5 5,0 5,4
7 3,0 3,4
8. Examples
In this section we will construct several inﬁnite classes of regular t-balanced Cayley maps. Recall that to construct
such a map it is sufﬁcient to ﬁnd a t-automorphism of a group G with sign structure having an orbit which gener-
ates G and is closed under taking inverses. In order to do this, we use the language of Z2-extensions, in particular
Theorem 6.2.
In our examples the groups will be Z2-extensions of Zn. A particular advantage of this choice is the fact that in this
case G+ has abelian automorphism group and the condition (12) is equivalent to
t = . (16)
Example 8.1. Let n2 be an integer and let t2 ≡ 1 (mod n). Pick s ∈ Zn such that (t + 1)s = 0, and take the
automorphism  of Zn to be x → (−t)x. Then G = Zn(, s) is a Z2-extension of Zn. We show that the mapping
 : G → G, gi → (g + i)i, is a t-automorphism of G. The deﬁnition of  yields that = idG+ , w = 1 and w = t .
Since (12) reduces to (16) and the latter is clearly satisﬁed for , it is sufﬁcient to verify (11):
(−w + s) = (−t)(−t + s) = 1 + s = w + s.
Clearly, G− = {g1; g ∈ Zn} is one of the orbits of , so the Cayley map M = CM(G,G−, p) with p = |G− is
t-balanced and regular; its underlying graph is clearly Kn,n.
The rotation R and the dart-reversing involution L ofM satisfy the following relations:
R(gi, x1) = (gi, (x + 1)1),
L(gi, x1) = ((g + (−t)ix + si)(1 − i), (tx − s)1),
(RL)2(gi, x1) = ((g + (−t)1−i )i, (x + t + 1)1).
By the standard enumeration procedure we derive that
Mon(M) = 〈R,L;Rn = L2 = (RL)2n = 1, R(RL)2 = (RL)2R〉.
It follows from [7] that the above describes what is known as the standard regular embedding of Kn,n. In fact, we have
proved that complete bipartite graph Kn,n with its standard regular embedding is a t-balanced Cayley map for each
feasible t.
Example 8.2. Let n2 and let t be an integer such that t2 ≡ 1 (mod n). In order to fulﬁl (16), t has to be odd. If n is
even, then gcd(t, n) = 1 so t is odd. If n is odd, then the numbers t and t + n have different parity, and we choose the
odd one. Take  = id : Zn → Zn,  : Zn → Zn, x → (−t)x and w = 1. Then G = Zn(, s) is a Z2-extension of Zn
for each s ∈ Zn.
We would like to ﬁnd sufﬁcient conditions for the mapping  : G → G, gi → ((−t)g + i)i to be a t-automorphism
of G such that its orbit containing 01 is a generating set for G closed under taking inverses.We start with determining w.
Set q = (t + 1)(t − 1)/2 (mod n). Then
w = −t
(
t∑
k=1
t−k(w)
)
=
t∑
l=1
(−t)l = −t − (t − 1)2/2 = −1 − q.
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Condition (11) now says that (−w + s)=w + s. By substituting for ,  and w we obtain (−t)(1+ s + q)= (1+ s)
which in turn is equivalent to the condition
q = −tq = (1 + t)(1 + s). (17)
We determine the order of . Since 2(gi) = (g + i(1 − t))i, the order of 2 equals n/ gcd(t − 1, n). With a single
exception, the element 11 = (01) is not in the orbit of 2 containing 01, so the order of  is the double of the order
of 2. The exception occurs when n is odd and t = −1; the order of  then equals gcd(t − 1, n) = n.
Taking into account the classiﬁcation of solutions of congruence (2) we further determine the values of s such that
(17) holds.
If the pair (t, n) is of the Type 1, then we have gcd(t + 1, n) gcd(t − 1, n) = n and (since t is odd) 4n|t2 − 1. This
yields that q = 0, s = −1 + k(1 − t) and that the order of  equals 2 gcd(t + 1, n) (unless t = −1). Since t is odd, we
have t ≡ −1 (mod ord). So  is an antiautomorphism.
If the pair (t, n) is of the Type 2, then n is even, n= 2ml, where l is odd and m1, and t ≡ ±1 (mod 2m). Moreover,
gcd(t−1, n) gcd(t+1, n)=2n. It follows that q=0, s=−1+k gcd(t−1, n)/2, and that the order of is gcd(t+1, n).
Again,  is an antiautomorphism.
If the pair (t, n) is of the Type 3, then n is even, n = 2ml, where l is odd and m3, and t ≡ 2m−1 ± 1 (mod 2m).
Moreover, gcd(t − 1, n) gcd(t + 1, n) = n. It follows that q = n/2, s = −1 + gcd(t − 1, n)/2 + k(t − 1) and that the
order of  is 2 gcd(t + 1, n) = b. In this case  is an (b/2 − 1)-automorphism.
Since 10= 11 · (01)−1 =(01) · (01)−1, we have gi = ((01) · (01)−1)g · (01)i where ((01) · (01)−1)g denotes the
gth power of ((01) · (01)−1) and (01)i the ith power of (01). Therefore, the orbit  of  containing 01 is a generating
set for G.
Part (iii) of Proposition 3.2 implies that an orbit of a t-automorphism is closed under taking inverses if and only if
it contains at least one pair of mutually inverse elements x and x−1. We will therefore examine whether  contains
(01)−1 = (−s)1.
By employing induction it can be shown that 2l+j (01) = (l(1 − t) + j)1 for j = 0, 1. Thus h(01) = (−s)1 if
and only if h−2l (01) = −(s + l(1 − t))1. It sufﬁces to take for s one representative from each class (mod 1 − t).
Accordingly, we have four cases to consider.
Case Type of (t, n) q s(mod gcd(t − 1, n))
1 1 0 −1
2 2 0 −1
3 2 0 −1 + gcd(t − 1, n)/2
4 3 n/2 −1 + gcd(t − 1, n)/2
Cases 1 and 2: Since (01)−1 = (−1)1 = 11 =(01), the orbit  is closed under taking inverses. As s is odd, we see
that the assignment mi → 2m + is deﬁnes an isomorphism G → Z2n.
Cases 3 and 4: If 2l+j (01) = (−s)1, then
−1 − l(t − 1) + j = −1 + gcd(t − 1, n)/2
which implies
(t + 1)(1 − j) = (t + 1)(1 + l(t − 1) − j) = (t + 1) gcd(t − 1, n)/2 = q.
In Case 3 this means that j = 0 or t =−1. If j = 0, then gcd(t − 1, n)/2= l(t − 1) which is impossible. Thus j = 1,
t = −1 and s is even.
In Case 4 we have q = n/2. Thus j = 0, t = n/2 − 1. Since 8|n we have gcd(t − 1, n) = 2 and s is even too.
Thus s is even, and the mapping mi → (m + i(s/2), i) is an isomorphism G → Zn × Z2.
Since the orbit  is closed under taking inverses and its elements generate G, the mapM = CM(G,,|) is a
regular t-balanced Cayley map.
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Now we determine the monodromy group ofM. We have
R(gi, x1) = (gi, (−t)x + 1),
L(gi, x1) = ((g + x + is)(1 − i), (−x − s)1),
RL(gi, x1) = ((g + x + is)(1 − i), (tx + ts + 1)1)
and
(RL)2(gi, x1) = RL((g + x + is)(1 − i), (tx + ts + 1)1)
= ((g + x + is + tx + ts + 1 + (1 − i)s)i, (t (tx + ts + 1) + ts + 1)1)
= ((g + 1 + (t + 1)(x − 1) + q)i, (x + q)1).
By induction it can be shown that
(RL)2k = ((g + k(1 + (t + 1)(x − 1) + q))i, (x + kq)1)
from which we derive
Mon(M) = 〈R,L;Rd = L2 = (RL)2n = 1, R(RL)2 = ((RL)2)−tR〉,
where d is the order of . In particular, the mapM does not depend on the choice of s.
Summing up, in Cases 1 and 2 the resulting map is a circulant regular antibalanced Cayley map, that is, a Cayley
map based on a cyclic group.
In Cases 3 and 4, n is even and G is isomorphic to Zn × Z2. For t = −1 we obtain the standard regular embedding
of Kn,n. If 8|n, then for t = n/2 − 1 we obtain a nonstandard regular embedding of Kn,n. 
We ﬁnally remark that all the mapsM from our examples have the maximal exponent group, that is, Ex(M) = Z∗d ,
where d is order of . For the maps from Example 8.1 and Case 3 of Example 8.2 this is a consequence of the fact
that they are the standard regular embeddings of Kn,n [10]. In the remaining cases it sufﬁces, for an integer e = 2u+ 1
such that gcd(e, d) = 1, to ﬁnd an automorphism  of G such that  = e and (01) belongs to the orbit of 
containing 01. For the maps from Cases 1 and 2 this automorphism is deﬁned by setting (gi) = (ag + i(1 − a)/2)i
where a = u(1 − t) − (u (mod 2))(t + 1) + 1 and for the maps from Case 4 it is deﬁned by (gi) = agi where
a = −u(n/2 − 2) + 1. Verifying that  indeed satisﬁes all the conditions of Theorem 7.4 is a technical matter which
we leave to the reader.
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